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Abstract 



We consider R and NS spectral flow sectors of type IIB superstring theory on AdSaX 
S 3 xT 4 in the context of the AdS3/CFT2 correspondence. We present a derivation of the 
vertex operators creating spectral flow images of chiral primary states previously proposed 
in the literature. We compute spectral flow conserving three-point functions involving these 
operators on the sphere. Using the bulk-to-boundary dictionary, we compare the results 
C^l ' with the corresponding correlators in the dual conformal field theory, the symmetric product 

orbifold of T 4 . In the limit of small string coupling, agreement is found in all the cases 
' considered. 

o 

cn 
o . 

■ 1 Introduction 

O 

A systematic understanding of the duality between type IIB superstring theory on AdS3 x S 3 xT 4 
^ ' and the M = (4, 4) non-linear sigma model on the moduli space of Yang- Mills instantons on T 4 

& ' has been achieved along recent years, based on early work in [1] -[5]. 

The instanton moduli space is a deformation of the symmetric product of N copies of T 4 , 
namely Sym(T 4 ) N = (T 4 ) n /5"n [6] and the worldsheet of the superstring is an N = 1 SL(2,IR)x 
SU(2) WZNW model. In the large N limit, twisted states in SymiT 4 ) map to single states of 
short strings [8] described by discrete representations of SL(2,R)x SU(2) and their spectral 
flow images [9]. Agreement between the spectrum and three-point functions of unflowed chiral 
primary string states and the corresponding dual counterparts was found in [?l[8j[TU]. Conversely, 
the non-trivial spectral flow sectors of the string theory have been less studied and present 
some unclear features, such as the apparent lack of certain string states in the spectrum of the 
super conformal field theory (SCFT) [IT] and various technical difficulties in the computation 
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of correlation functions. Some preliminary results were obtained in [12] where, in particular, a 
bulk-to-boundary dictionary for 1/2 BPS states in the flowed sectors was proposed. 

The aim of this paper is to study this holographic map by exploring three-point functions 
in both sides of the duality. The computation of worldsheet correlators basically involves three 
parts reflecting the fact that the theory is a direct product of free fermions and bosonic SU(2) 
and SL(2,K) WZNW models. The relevant three-point functions of the free fermions and SU(2) 
bosons were obtained in [12]. Here we evaluate spectral flow conserving three-point functions on 
the sphere involving spectral flow images of chiral primary string states in the Neveu-Schwarz 
(NS) and Ramond (R) sectors of the SL(2, M) WZNW model in order to complete the construc- 
tion of these amplitudes in the full string theory and compare them with the conjectured dual 
correlators in the symmetric orbifold of T 4 obtained in [13} [T4"} 115] . Our results confirm the 
agreement of the string amplitudes with the corresponding counterparts in the dual theory. 

The paper is organized as follows. After setting the notations in the next section, in section 
3 we present a derivation of the vertex operators creating spectral flow images of chiral primary 
string states in NS and R sectors which were proposed in [12]. In section 4 we compute the SL(2, 
R) part of the spectral flow conserving three-point functions involving these chiral operators 
and, after adding the fermionic and SU(2) parts computed in [12], we compare our results with 
the conjectured corresponding correlators in the dual SCFT. Finally, section 5 contains the 
conclusions. In the Appendix we compute the Clebsch-Gordan coefficients needed to construct 
vertex operators in product representations of SL(2,R). 



2 Notations 

In order to set the notations in this section we briefly review basic aspects of the dual theories. 

2.1 Review of type IIB superstring on AdSaX S 3 x T 4 

Type IIB superstring theory on AdSaX S 3 x T 4 was originally studied in [21 [3"1 HI [5l [TT] [T6] . 
It has SL(2) x SU(2) x U(l) affine worldsheet symmetry which allows to perform explicit 
calculations. The SL(2) and SU(2) supercurrents ip A + 9J A and \ A + 0K A , respectively, satisfy 
the following OPE 

k AB -AB jC(...\ kxAB ; e AB K Ct„..\ 

J A (z)J B (w) ~ J** + K cJ {W) , K A (z)K B (w) ~ j^—, + 16 cK {W) , 
(z — w) z z — w (z — wy z — w 



J A {z)^ B {w) ~ 16 gy ^ , K A (z)x B H 



AB ?P C W xsAi ^ B i s it AB cX C M 



z — w z — w 

k AB k xAB 

^ A (z)ip B (w) ~ ^— , X A (z) X B H ~ 2 {2A) 

z — w z — w 



with A = 0,1, 2, e 012 = 1 and r\ = (—, +, +). It is convenient to introduce new currents as 

J A (z) = j A (z) + j A (z) , K\z) = k A (z) + k A (z) , (2.2) 
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where j A (j A ) and k A (k A ) generate SL(2) fc+2 (SL(2)_ 2 ) and SU(2) fe _ 2 (SU(2) 2 ) affine algebras, 
respectively, with 

j A (z) = - % -e A BC ^^ c {z\ k\z) = -l-e A BcX B (z)x C (z). (2.3) 

The U(l) is realized in terms of free bosonic currents idY % and free fermions A\ i = 1, 2, 3, 4. 
The stress tensor and supercurrent are given by 

T(z) = ^( J V-^W) + ^(A: A ^-X^) + i(9yW J -iA^A i ), 

G(z) = ^(WV + ^VV^ + ^W^-fxVx^ + A^y,. (2.4) 

The spectrum of the theory is built from those of the SL(2,R) and SU(2) WZNW models. 
The Hilbert space of the former [9] is decomposed into unitary representations of the SL(2,R)x 
SL(2,R) current algebra 0, namely the discrete lowest- and highest-weight representations T>^ ® 

with h G R, | < h < and m = ±h, ±h ± 1, . . . , the continuous representations <£> C% 
with h = g + £R, m = a + Z, a G [0, 1), their current algebra descendants and spectral flow 
images, T>^ ,w ® T>^' w ,C^' W &) C? ,w with to £ Z and the same spin and amount of spectral flow 
on the left- and right-moving sectors. Primary operators of spin h and worldsheet conformal 
dimension A sl (&h) = — h ^ h k ^ , satisfy 

f(z)<S> h (x,x;w,w) x M ; , o = 0,±, 2.5 

z — w 

where D% = d x , D® = xd x + h and D~ = x 2 d x + 2hx. Expanding in modes as 

$ h (x,x) = £ ^m^-^ar^ , (2.6) 

one can read the action of the zero modes of the currents on Qh,m,m-> namely 

30®h,m,m = m®h,m,m , jo$h,m,m = [m T (h - 1)] &h,m±l,m, ( m + ± h ) > ( 2 - 7 ) 

and jQ$h,h,m = Jo ®h,-h,m = °- 

Similarly, the primary fields of the SU(2)fc_ 2 WZNW model with conformal dimension 
A su (Vj) = ^±12 verify 

P.fVj(y, v; w,w) 

k a (z)V 3 (y,y;w,w) ~ y ' , (2.8) 

2 — w 

with P+ = <9 y , Py = yd y — j, P~ = —y 2 d y + 2jy and can be expanded in modes as 

Vj(y,y)= v hm i,Tn>y 3+rn 'y J+m ' ■ (2.9) 



1 Actually, the spectrum is built on representations of the universal cover of SL(2, R), to which we refer simply 
as SL(2,K) for short. 
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The spin j £ Z/2 is bounded by < j < K^- and k^Vj^^ = k Vj = 0, 

koVj^m',m' = Tn'V j>m r >w f , ^^j.m'.m' = (±™' + 1 + j) ^m'il.m' , (V / ±j) • ( 2 -10) 

In the fermionic sector, the fields ip a transform in the spin h = — 1 representation of the 
global SL(2,R)„2 algebra and x a transform in the spin j = 1 of the SU(2)2 global algebra. 

Vertex operators creating unflowed physical states in the NS sector were constructed in [16] , 
For short, we display only the holomorphic indices. The chiral (antichiral) primaries satisfy the 
condition H = J (TC = — J), Ti being the spacetime conformal dimension and J the SU(2) 
charge, which implies h = j + 1. In the —1 picture, they are given by 

Wh,m,m' = e~ v (ip$ h , m ) h ^ mT V j:m > , (2.11) 

where (ip&h,m) an d {xVj,m') denote the product representations of J a and K a , respectively, 
m T = h — 1, h, h + 1, • ■ • and m' T = —h, —h + 1, • • • , h. 

To study the Ramond sector one needs to construct the spin fields for ijj a ,x a ,^ t [16J. It is 
convenient to have a bosonized form of the fermions such as 

dH 1 = ^ + ^-, dH 2 = px + X~, dH 3 = -^ 3 x 3 , 8H 4 = A 1 A 2 , dH 5 = A 3 A 4 . (2.13) 

The spin fields take the form S[ eu ... i6s ] = exp| Y2i=i e i^i, with e, = ±1. They transform as 
two copies of under SL(2)x SU(2). GSO projection requires nf=i e i = + 1 and BRST 

invariance demands Y\i=i e « = — 1- Following [12] we define the spin fields associated with ip a , x a 
as % li£2 , e3 ] = exp|(eiili + e 2 H 2 + £3-^3)- 

Decomposing the product (S^h,mYj,m') into representations of the total currents J a , K a , the 
chiral vertex operators in the — | picture take the form 

= (^m^mO^i^+^+i^+J^ 4 -^ - ( 2 - 14 ) 

where ifj are redefined as Hi = Hi + it Ylj<i = i § dHt. 

• Spectral flow 

The algebras ()2.ip are invariant under the following spectral flow automorphisms 

~ fc ~ ~ ~ 

Jn = Jn ~ -jWbnfl, J n = J n ±w K n = K n + ^w'5 nfi , K n = K n±w , . 

The currents j a , j a , k a and k transform under spectral flow as 

3n = Jn "I 2 W ^ n '° ' 3n = Jn^pw > k n = k~ n - W 5 n fi , k^ = k^w' ' (2.15) 

Jn = Jn ~ w ^n,0, jn = Jn^w ' k n = k n — w'5 n fi , k^ = k^ , , (2.16) 
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and the modes of the Virasoro generators, = + If}, L™ = I™ + as 

k k 
Li = Li + w J n ° + -w 2 5 nfl , L™ = L™ + w'Kl - -w' 2 5 nfi 

l s i = % - wf n - ^w 2 8 nfi , C = C " + ^u/ 2 , 

^ = # - w]° n + ^ 2 5 n , , C = fr - + \w' 2 5 nfl . (2.17) 

The closure of the SL(2,M) and SU(2) algebras requires the same amount of spectral flow w («/) 
for j a and j a (k a and k ). The spectral flow maps primaries to descendants of SU(2) and it 
generates new representations in SL(2,R) [9]. For the sake of simplicity, we restrict to w > in 
this section. 

To construct spectral flow images of chiral primaries in generic frames, we consider the 
SL(2,R) sector first. A w = affine primary is mapped by the spectral flow to a lowest-weight 
state of the global algebra <&^ W M with H = M satisfying [9] 

3>tu = M^ M =(m + ^^^ M , (2.18) 

In the fermionic SL(2,M) sector, an interesting description of the spectral flow was presented 
by A. Pakman in [17]. Using (|2.16p — (12. 17ft . the fermions ip a in the spectral flow frame obey 

f r = ( a - W )r, %r = f w r = o , = {\-wa+ ^ w 2 w , (2.20) 

i.e. i)j a is a lowest- weight field with angular momentum h = a — w. Acting with , one 

obtains the global representation in the w sector as ij)^ ~ (j^) n V' a with rh = —h, • • • , h up to 
a normalization. 

All these ingredients allow to construct the representations of J a . We denote the fields of the 
product representation in the NS sector as (^'^'jf)x»(2,^! where \H — h\ < TL < H + h, 
Ai = Ti, TL + 1, ... and their worldsheet conformal weight is given by 

1 i\h\if,h,w \ 1 h(h-l) 1 k 2 / 01 n 

Wrh ®H,M^n,M\ = W ( m ~ a ) + 3 ~ 4™ ' ( 2 " 21 ) 



A 5 ' 



Repeating the analysis for SU(2), one obtains the product representation (Xm^jm 1 ) 



tm' r J,M'Jj,M'' 

■ 

weight 



with I J — jl < J < J +j, — J < M' < J7, J = m' — Kr^w' , j = \a — w'\ and worldsheet conformal 



A 6 



[(x^ft)^'J = - ™V - a) + g + ^' 2 . (2.22) 

In order to construct chiral states, we apply the spectral flow operation on the chiral pri- 
maries (|2.1ip and (|2.12p . We notice that the physical and chiral state conditions require to 
simultaneously spectral flow the SL(2,R) and SU(2) product representations and we obtain 
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y h HM = ^m^M)nM^ x vj%,)jM^ ( 2 - 24 ) 

where (p is the bosonization of the /3, 7 ghosts, A4 = 7i and M' = —J . For generic level k, 
the physical state condition {Lq — 1)W = implies h = j + 1, w = w' and m' T = —m T (see 
(l2Hl . (l2T2ll ). and similarly for y. Analogously G r W = (G r - w$ - wx°)W = (G r y = 0) 
for r > requires m T = h — 1 (m^ = h) |12j . Finally chirality (or antichirality) demands, for 
both operators W and J 7 , 

H = m T + -w = ±J. (2.25) 

To obtain the spectral flowed ^ BPS operators in the Ramond sector we need the product 
representation (<S4 ^i^^Im^jm')- ^ ne discussion about the fermions applies analogously to the 
spin fields, i.e. from the lowest-weight component of the h = —j = —\w ± ^| spin representation, 
given by 

S W+ K = e -i(™+h)(Hi+H2)-iH 3 (2.26) 

one constructs the global representation acting with j'q" , . 
The chiral fields in the w sector are |12j 

ij±A»_„-f/c™ l+ l$M yJ> \ ±i(H4-H 5 ) (9 27) 

where S™^?, has conformal weight | + w 2 + w, h = —w — \ = — j and Tt = h — ^ + = J . 

2.2 Sigma Model On The Symmetric Product Orbifold of J 4 

Type IIB superstring theory on AdSaX S 3 x T 4 with RR background is conjectured to be 
dual to the infrared fixed point theory living on a D1-D5 system compactified on T 4 . It is 
convenient to use the S-dual description |18| in terms of Ni fundamental strings and N5 NS5- 
branes. The target space of the SCFT is identified with the singular orbifold (T 4 ) NlNs /5(NiN5), 
where S^NiNs) denotes the permutation group of N1N5 elements. It was argued in pjj] that the 
symmetric orbifold corresponds to the point Ns=l, Ni=N. 

The chiral spectrum of the sigma model is built from that of a single copy of T 4 plus operators 
in the twisted sectors. Each twisted sector corresponds to one conjugacy class of 5(N), labeled 
by positive integer partitions of N, namely 

N 

£Zfc { = N, (2.28) 
1=1 

corresponding to permutations with k\ cycles of length I. Chiral operators describing single 
particle states in the string theory side correspond to single cycle twist operators [181 f20] . 
There is one twist field for each conjugacy class of the permutation group, and chiral operators 
corresponding to chiral states in the dual string theory can be constructed as a sum over the 
group orbit, namely 

^^=[n(N-n)!N!]" 1 / 2 £ (2.29) 

heS(N) 
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where e n = ±l,a and cr^-.-n) * s a twist field corresponding to just one single element of S(N). 
The global part of the M = (4,4) superconformal algebra forms the supergroup SU(l,l|2)r,x 
SU(1,1|2)r and contains the R-symmetry group SU(2)^x SU(2)#, under which the operator 
0^™' e ™ (x,x) is a chiral state in a unitary representation with angular momentum 

W re = ^, <H n <^±^, €n = ±l, (2.30) 

n N 
Wn=2' 0<H n <-, e n = a, (2.31) 

and similarly for e^-. Two- and three-point functions on the sphere for e n , e„ = ±1, are given by 

(0^(xi,xi)OZ^ -^(x 2 ,x 2 )) = |x 12 |- 4W " , (2.32) 



(O^^o^O^tj = JWjpPfcM^Wn^ II Nl~ 2 ^ , (2-33) 



where TC ni n 2 = 7i ni + TC n2 — 7i n3 , etc., — W n < M n < W n and the coefficients C nin2n3 are defined 
in terms of the SU(2) 3j symbols as 



r km"! + e n2 n 2 + e m n 3 + 1| 2 

4nin 2 n 3 

O/ O/ O/ N ^ 

'Ini ''.712 '''713 

M ni M n2 M n3 



^n 1 n2^ri2n^'Hn 3 n 1 K'^2i=l'^-n i + 1)! 



{2H ni )\{2H n2 )\(2H 



13 , 



Using (I2.30P and M. ni = ±W ni , the delta function in (|2.33p implies H ninj = for certain 
Specifying 723 = n\ + n 2 — 1, the non-vanishing three-point functions are those with 
(cni) Cn 2 ) £ n 3 ) = (— , — , — ) and (+,—,+) and similarly for e^. In this case, the product in 
the second line reduces to one. 

Two other correlators that will be important below have been evaluated in the particular 
case ri3 = n\ + n 2 — 1 [13], namely (we omit the obvious coordinate dependence) 



1 / \ / 

" ni U ^ U ^ / - ^ \ n 2 J ' 1 ] 

o^oifot^) = * f V*'^, e' a ' = e^' = (J J). (2.35) 



3 Vertex operators of chiral states 

In this section we present a derivation of the vertex operators creating spectral flow images of 
chiral primary states. These operators were proposed in |12j . 

3.1 NS sector 



Contributions from surfaces with higher genus are suppressed in the large N limit. 



7 



The Clebsch-Gordan coefficients expanding the product representation in (|2.23p and 

(|2.24j) are computed in the appendix. We find 



h 

m=—h 



where only the holomorphic part has been written and 



(M+H)\ y, (m + \h\\ (M-s+\h\+H)\ 



H > h > n {m + \h\)\{M-rh + H)\ f^ Q \ s J (M-s + H) 



(M-s-H-l)\(H+\h\-H)} 
This can be rewritten using the generalized hypergeometric function 3^2(0, b, c; e, /|1) as 

M,m,M (-lgH^IVg +Jjj + -M)r(ff + |jj + M + 1) x 

H ^ H T(H -H+\h\ + l)F(M - H)T(H + M-m + l)T(\h\ + m + 1) 

3 F 2 (-n-M,H-M + l,-\h\ - m; -H - \h\ - M,H - \h\ - M + 1; 1) , 



C 



with the advantage that it can be represented in terms of the Pochhammer double-loop contour 
integral, possessing a unique analytic continuation in the complex plane for all its indices [214 
122] . Recall that the analogous coefficients for SU(2) are related to these ones through analytic 
continuation. 

For our purposes, it is convenient to write the vertex operators in the x— basis, where the 
isospin can be identified with the coordinates on the boundary. This can be done using [3]: 

e~ xJ ° 0{z)e xJ ° = 0(x,z). (3.3) 

Performing this operation on the fermion fields, one gets in the unflowed frame 

e - xJ °ip + (z)e xJ ° = ^ + {x,z) = ip(x,z) (3.4) 
= -2xip°(z) + ip + (z) + x 2 ip-{z), (3.5) 

and in a generic w frame 



e 



J °/ hl Jz)e xJ o =^\{x,z) = Y (-l) m+fe r(2H + l) A-/**. {36) 

m = hK ' K ' T(m+\h\ + l)r(\h\-m+l) m 

rh=— h 



Inserting H = m + ^rr-w and h = —w — 1 in (|3.2p we get 

(jM.mM _ /_-,\m+w+l T(2w + 3) 

H,h,n { ' Y{m + w + 2)T{w-m + 2) ' { ' } 



We found convenient to denote the coefficients C H as (H, M; h, rh\H, h\ H, M) in the appendix 



which coincide with the coefficients in ()3.6j) . Therefore, the SL(2,R) part of the chiral vertex 
(|2,23|) may be written as 

^,m)«^- 2^ t ^ r(m + w + 2)T(w-m + 2f* h,m ■ (3-8) 

m=— u>— 1 

Expanding in modes, it is easy to see that they may be expressed in the following factorized 
form 

mi?(x) = J2&z +1 ^m)h,m x~ h+m = r +1 (x)t> h H w (x) . (3.9) 

M 

This factorization always occurs in (|2.23p when H and h combine to produce a chiral state. 

So far, we have restricted to the holomorphic SL(2,R) sector, but the same analysis applies 
to SU(2) [22] and to their antiholomorphic parts. Putting all together, we get the following 
vertex operators creating spectral flow images of chiral primary states in arbitrary spectral flow 
frames 

W%£(x,y,-2,V) = e -^^(x,x)^ +1 (x)^ +1 (x)^ 7 - 1 ' w (y,y) X -(y)x"'(y), (3.10) 
y^(x,y,x,y) = e-^^|(x,x)^(x)^(x) % -+ 1 (y)r +1 (y)^ 1, "(z/,y), (3-11) 

with J = H - 2w,J = H- 2w, H = - J - 1,H = -7-1. 
3.2 Ramond sector 

The product representation needed to construct the vertex operators (|2.27p in the Ramond 
sector can be expanded as 

h 

( oj fc h ' w T/i> ul \ — \ ^ I aj fch,w -irj,w \ n (M,rh,M),(M' ,171' ,M') 

\°m,m'^H,M V J,M')H,M,J,M' ~ 2^ v °m,m'^H,M V JM' > (H,h,H),(J,h,J) 

rh,m'=—h 

h h 



E (Sk* h HMKxn M ® E (4^i')C^'^',(3.12) 



rh=—h rn'=—h 



i.e. the SL(2) and SU(2) parts factorize. The Clebsch-Gordan coefficients C^f'- 7 "^ 1 can be 

computed from (|3,2p taking H = m + and h = —w — |. Using (|3.3p . it is easy to see that 

the triple product factorizes in the x— basis as 

h < w „\ = (Q w+ ^(f > h > w \ih w \ ^-h+m„,j+m' 



{SSVf^y) ee E ( S 2^HM V ^n M ,J 



M 



, x 



M,M' 

S^Hx^^^Vj^iy), (3.13) 



where 



These spin fields are denoted S w {x,y) in [12] 
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S"° + "(x,s) 



m,m'=— (ui+ j ) 



("I) 



m+ui+7 



r(2w + 2) 



r(2^ + 2) 



r(m + w + §)r(-u; - m + f ) T(m' + w + f )r(w - m' + § 

i 



x g 1 " - ^ x rh- 



(3.14) 



Taking into account the antiholomorphic part, the vertex operators creating spectral flow images 
of chiral primary states in the Ramond sector are given by 



n^ w (x,x,y,y) = e-%S w+ Hx,y)^ w+ hx,y)^-{x^ . 

(3.15) 

The expressions (I3.10p . (I3.1ip and (|3.15|) that we deduced here appeared previously in [12]. 

4 Three-point functions of chiral states 

In this section we compute w— conserving three-point functions involving spectral flow images of 
chiral primary states. We restrict to the so called extremal correlators, satisfying j n = j m + ji. 

4-1 NS-NS-NS three-point functions 

Let us start by evaluating the following amplitudes 



3 = g; 2 (w^^yi,^ 



5- 



(4.1) 



(4.2) 



The vertices W"'™ were defined in the —1 ghost picture. To have total ghost number 

—2, as required on the sphere, we change the picture of an unflowed operator for simplicity, i.e. 

0S 



W ( h\x,y,x,y) 



(1 - h)j(x)+j(x) + -^{x) Xa (y)Py ) X C.C. 



^ h (x,x)V h ^(y,y) , (4.3) 



yh\x,y,x,y) 



hk{y) + k(y) + -x{y)^ a {x)D% ) x c.c. 



$ h (x,x)V h -i(y,y) . 



(4.4) 



As discussed in detail below, this restriction is not strictly necessary to evaluate (|4.2p . but 
further knowledge on spectral flowed affine representations than is currently available is needed 
to compute (I4.ip in a more general situation. In any case, we shall see that including an unflowed 
operator does not imply any loss of generality for correlators involving spectral flow images of 
chiral primary states in the SL(2, M) sector. 



10 



Replacing (|4.3p in (|4.ip . ^.3 explicitly reads 

x (r (yi)r(y 2 )) (x w (2/i)x u '(y 2 )) (^^J i (xi,x 1 )^ + H^i)^ +1 (^i)^^J 2 (^,x 2 ) 

X ^ +1 (^2)?" +1 (^2){(l - ^)5(x3)+i(x 3 )}{(l - h 3 )j(x 3 )+j(x 3 )}<S> h3 (x 3 ,X 3 ) 

and inserting (|4.4p into (|4.2p and using t/; a (x)D^ = ^(i/j(x)d x + hd x ip(x)) we get 

X {[<^(zi)^ +1 (z 2 )^ 

fa <^(a; 1 )^ + \i 2 )^3^(x3)>(*^ >B - l (a:i,xi)^ ai5a (x2,X2)* h 3(x3,X3))" 

x <x w+1 (yi)x"(y2)x(y 3 )> x c.c.} , (4.5) 

where u; = j#i = w 2 . 

The SU(2) and fermionic expectation values were discussed in [12]. We now compute the 
SL(2,M) correlators, applying the technique developed in [23] . 
From the integral transform 

H,M,~H,~M = / XX X ®H.h( X > X ^ ( 46 ) 



a generic three-point function in the x— basis, e.g. (we omit the z dependence for short) 



^^^i^i)*?^^,^)^,^,^); = ^ 12 ^t 23 ^ 13 x ccj , (4.7) 

(c.c. stands for the antiholomorphic dependence), can be transformed to the m— basis as 
/ 3 \ 



n^ijM ) = (^) 2 D(H l ,H l )W(H i ,M i ,H i ,M i )5 2 (M 1 +M 2 + M 3 ), (4.8) 



U=l 
where 

x |1 -xiT 2Hl3 |l -x 2 |" 2 ^ 23 • (4.9) 

Recall that the spectral flow with w > (w < 0) turns primary states of the current algebra 
into lowest- (highest-) weight states of a global representation with H = M = m + ^rw, 
H = M = m+ (H = -M = -m + ^\w\, H = -M = -m + ^\w\) 0. Therefore, 

we are interested in the residue of the poles at say, Hi = Mi, Hi = Mi and H 2 = —M 2 , H 2 = 



The spectral flow labels w and w' for highest/lowest weight states of global representations in the x— and 

// 



m— basis, respectively, may be related as w' = =&w 
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—M 2 . This is obtained by taking the x\,x\ — > and x 2 ,x 2 — > oo limits in the integrand of 
W(Hi, Hi, Mi, Mi), which simply gives 

(A ^SU,^) = (2-)V c 2 on/ 5 2 (Af 1 + M 2 + M 3 )D(H t ,H t ), (4.10) 

where V con j = f dx 2 /\x\ 2 . 

On the other hand, it is well known that spectral flow preserving n— point functions in the 
m— basis are related to correlators involving only unflowed operators as 



(n^a OT >^v =11^-^'^ x^(n*a^.^) ) . 

(4.11) 

and three-point functions of w = primary states have the following form [241 125j : 

(4.12) 

with 

V ; 2 7 r 2 i/ fc i+'w+ h 8- 1 7 (*^) G(-1)G(1 - 2/n)G(l - 2fr 2 )G(l - 2/t 3 ) 

j (fc 1 1 1 fi) 

where G(/i) = fc ^ r 2 (-fr|l, k)T 2 {k+l + h\l, fc), T 2 being the Barnes double gamma function 
and A12 = Ai + A 2 - A 3 , h\ 2 = hi + h 2 - h 3 , etc. 

Comparing with (|4.10p , one finds that the three-point functions involving spectral flow images 
of primary operators in arbitrary w— sectors in the x— basis corresponding to w— preserving 
amplitudes in the m— basis are given by[§ 

s /ll,Ull / — \ft.fl2,W2 ( — \fah,3,W3 



*S5 1 (^^i)*S5 J1 (^,x a )*25 ii (xs >3B a) 

^Wihi.rrH^C^x^x^x^x^^x^f^x^ 33 . (4.14) 

conf 

Recall that this result holds for operators satisfying mi + 777-2 + m 3 = 0. 

As discussed above, for highest/lowest weight states the function W(hi,mi,rrii) develops 
poles which cancel the factor V~ 2 j. Taking, for instance, a chiral field at xi,x\ and an antichiral 
one at x 2 ,x 2 , i.e. mi = mi = hi,m 2 = m 2 = —h 2 , the residue of the double pole is just one, 
and we obtain 

hl,Wl I •, (h h 2 ,W 2 / — x ^3,11)3 , - u _ r i(l,\-H 1 2-Hl3-H23^-Hl2~-Hl3^-H23 



A * = ^^(^^O^Si^^)*?,?,^,^)) = C{hi)x^ xi^x^xi' 



x 13 x 23 



6 This correlation function was directly computed in the x— basis in [26| in the particular case wi = 1112 — 1, 
u>3 = using the definition of w = 1 vertex operators given in [23] . Here we have used a different technique which 
is useful to evaluate correlators involving fields in arbitrary w sectors and, specially, expectation values including 
currents. 

7 Normalizing the two-point functions of these operators to the identity, this result agrees with the prediction 
formulated in |12| when the correlator involves one unflowed state. Three flowed chiral primary operators obeying 
mi + 7712 + 77i3 = cannot meet the condition hz = hi + /12 — 1 under which the prediction of [12] holds. 
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The following expectation value is also needed to evaluate A3: 

A = (^5 i (xi,2i)#5 a '5 a (x 2 ,^)i(x3)* fcl ,(x3,^)>. 
The OPE j(x)^ f ^j(x' , x') is only known so far for w = 1 fields [23], namely 

j{x\z')^ h ^ 1 {x,x\z,z) = (m-h + 1) ^— X J x; z, z) 

+ -^—[2H{x-x') + {x-x') 2 d x ] $ h H w =\x,x;z,z). (4.15) 
Therefore, we restrict to this case. Inserting (|4. 15|) into .A3, one gets 

Al = (i- hl + mi ) ^ ~ X ^ 2 < S^^fa, ^i)^ 2 g(^, X2)® h3 (x 8l x s ) > 

+ (1 - - m,)^ < ^(-^i)^^ 2 (-^ 2 )^3(x3^3) > 
+ = [2i?i(xi - x 3 ) + (xi - xa) 2 ^] A\ 
+ — - — [2H 2 (x 2 - x 3 ) + (x 2 - xa) 2 ^] A3- . 

Z3 — z 2 

The first two terms are easily evaluated using the procedure discussed above and we get 



®Hi+i hS Xi,Xi ^H2*TI2 ( X2 > X2 ">® h 3( x 3> x 3)) = W(h i ,m 1 = + l,m 2 = -h 2 ,m 3 ) 

v T/ — 2 C(h-\ r r ~ H i2~ 1 r r ~ H i3~l rr ~H23+l—-H 12 —-H 13 —-H 2 3 (A -1 fi \ 

X "con/ x 12 x 13 x 23 x 12 x 13 X 23 ' l^- iD J 

where 

^(/li, jth = J»i + 1, m 2 = -h 2 , ma) = Ko„./ p— r > (4-17) 

J mi — ni + 1 

and similarly, 



x 12 x 13 x 23 x 12 x 13 x 23 ■ \^- LO ) 

Putting all together, we obtain 

v A12+I -A13-I -A23-I757-A12 -A13— -A23 //I 1 Q\ 

* z 12 z 13 z 23 z 12 z 13 z 23 ' V^-^) 

and analogously for the term containing the antiholomorphic current j(x) in A3. 

To write down the final result, let us recall the fermionic and SU(2) correlators (see [12] for 
details). 

, 2(w+l) 
Z 12 



13 



2 1 

< ^ w+1 ( Xl )^ w+1 (x 2 )j(x 3 ) > = V — [2(w + l)x 3i + (x 3i ) 2 d Xi ] < ^ w+1 ( Xi )iP w+1 (x 2 ) > 

= k( W + l) W * Zl2 X f*^ (4.21) 

Jlw 2 w 
Z 12 Z 23 

Similar expressions are obtained for x u '■ 

In the SU(2) WZNW model, normalizing the two— point functions as 

\y 12 \ 2jl 

(Vj^yuyi, Z!, z 1 )V j2 {y 2 ,y 2 ; z 2 , z 2 ) = S jlh - -t^— , (4.23) 

F12I 31 

the three— point functions are given by |27] 

(yji(yi,yi;z 1 ,z 1 )V j2 (y 2 ,y 2 ]z 2 ,z 2 )V j3 (y 3 ,y 3 -,z 3 ,z 3 )} = C(j 1 ,j 2 ,33) [[ , l \ 2Ai . , (4.24) 

- . - Zij 13 

for j n < jm+ji, where 



C'(jl,j2, 33) 



7(l) + J2 + 33 + 1) P(il 2 ) P(323) P{hl) 



7(^)7(^ ±1 )7(^ tl ) ^(2ji) P(2i) P(2j 3 ) 



with P( J ) = n J m=l7 (T)^(0) = l. 

As argued in [T2], the structure constants for spectral flowed chiral fields in SU(2) are also 
given by C'(ji) for j n = j rn +31. Therefore, collecting all the contributions and suppressing the 
x— and z— dependence for short, we get 

^3 = 97 2 ^ \Ki +H 2 + H3 + 1| 2 C'{ji)C{hi) , (4.25) 

A' a = g~ 2 ^ \Hi -H 2 + n 3 - 1| 2 C'(ji)C(hi) . (4.26) 

As shown in [8] , 

C'(ji)C(hi) = \J B(hi)B(h 2 )B(h 3 ), g(^) = v = n -\- ^, (4.27) 



4- 3 7 (2^iV r(i + i)' 



r(x) 



with 7 (x) = rrrrsy 

In order to compare these results with the conjectured dual counterparts, the two-point 
functions must be normalized to the identity. Taking into account that in the SL(2,R) sector 
they are given by [23] 

(*^(z 1} Si)*;^(x 2 , z 2 )> = g-\2h - 1 + k W )B{h)x^ H x^ , (4.28) 
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the normalized chiral operators are defined as: 

w*.«r Aa 'KU x ^ Y h ' w ( *9syt£(x,x) 

W„ -z-lx.x = — i Y'—(x,x) = — 4.29 

n > n k 2 ^/B(h)(2h-l + kw) nn k 2 ^/B{h){2h-l + kw) 

Omitting the standard dependence on the coordinates, we thus get 

(w hi,™ w h2 >™ w[ 0) ) = \n 1 + n 2 + n 3 + i\ 2 

S H ^ H ^ ha ' ^ ^{2h x - 1 + kw){2h 2 - 1 + kw)(2h 3 - 1) ' 1 ' j 

\ Htm H 2 H 2 h 3 I k 2 _ 1 + kw){2h2 _ I + kw )(2h 3 - 1) ' 

While (|4.30|) was obtained for w = 1, (|4.3ip holds for arbitrary w. 

These three-point functions involve one unflowed operator. We restricted to this case for 
simplicity. However, notice that when the three operators are spectral flow images of chiral 
primaries of SL(2,R) or the unflowed operator creates a highest/lowest weight primary state, 
the condition hi = ±mj together with the requirement mi + m 2 + m 3 = imply, for example, 
h-2 = h± + h 3 . Combined with the chirality condition ji = hi — 1, this gives j 2 = ji + j 3 + 1 which 
violates the triangular inequality j 2 < j\ + j 3 of the SU(2) WZNW model. Therefore the SU(2) 
factor gives a zero for the whole three-point function. This conclusion does not apply when the 
unflowed operator obeys h 3 / ±7713. Therefore, the results (|4.30p and (|4.3ip hold for amplitudes 
containing two flowed and one unflowed chiral primary operators as long as the latter does not 
create a highest/lowest weight state in the SL(2, R) sector. 

Let us now compare these results with the correlators in the dual theory. The level k is 
identified with N5 [18] and g 2 = ^Vol(T^) [2~1 [3j [16], so these correlation functions scale as 
N" 1 / 2 in the large N limit. Recall that the chiral string states w!^, have been identified 
with the chiral operators C^~i of the SCFT, respectively [T[[8l[T2] . Moreover, the proposed 

identifica 

[a ei [12] 



identification between the quantum numbers of and those of O n (x, x) is the following 



7i n = - — - = h-l + -w =► n = 2h - 1 + kw , (4.32) 



2 2 

_ a nrl fl^ <~ ( nr. 'r. 

nn 



and for Y?!^ and 0^ + (x,x) it is 



H n = = h + ^w n = 2h-l + kw. (4.33) 

Replacing these values of n in the boundary three-point functions (|2.33|) . one gets at leading 
order 

(o— o— o— +) = - \n l+ n 2 + n 3 + i\ 2 

m n2 ns >/N y/(2hi - 1 + k Wl )(2h 2 - 1 + kw 2 )(2h 3 - 1) 

(0++0-- o++t\ = 1 \ Hl -n 2 + n 3 -i| 2 

ni n2 U3 VN V(2/ii - 1 + k Wl )(2h 2 - 1 + kw 2 )(2h 3 - 1) ' 
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in perfect agreement with (|4.30p and (|4.3ip . respectively. Furthermore, using the bulk-to- 
boundary dictionary, one can verify that the boundary correlators corresponding to three spec- 
tral flow images of chiral primary operators is zero because in both cases (|4,34p and (|4.35p the 
relation h,2 = h± + /13 implies n-2 = n\ + 77.3, which violates the U(l) charge by one unit. 

Two other correlators can be considered in the string theory corresponding to the vanishing 
correlators (e ni , e n2 , e n3 ) = (+, +, +) and (-, -, +) in the boundary CFT, namely (n^i ^'?.> 
and (Hi=i 3^ 3 '^| )• It is easy to see that they violate the SU(2) charge conservation in 

the case j'2 = j\ + j'3 that we are considering, and therefore they also vanish. 



4-2 R-R-NS three-point functions 

>±,/l,U> 

corresponding three-point functions in the dual theories, the two R-R-NS correlators needed are 



The chiral states TZ^^" were identified with the operators On' a in [HI [12]. To compare the 



A 3 = 97* (<C 3 ^'^)<C 2 (-^ 2 )<a(-^0) s2 , (4-36) 



The R vertices (|3.15p were obtained in the — ^ picture, so it is not necessary to insert a 
picture changing operator and we can compute this amplitude for states in arbitrary w sectors, 
as long as w n = w m + wi . 

The SU(2) part of the three-point functions is given by C'(ji) for j n = j m + ji and the 
fermionic contributions are the following [12] [§ 



(S w ^ (x 3 ,y 3 )S w ^ {x 2l y 2 )i, Wl+ \xi)x Wl (Vi)) 



(wi + w 2 y. 

W\\W2\ 



(ip W3 (x3)x W3+1 (y3)S W2+ kx2,y2)S w i + Hxuyi)) = {wi + w f . (4.38) 

As shown in the previous section, the SL(2,R) contribution is simply C(hi) for two or three 
flowed chiral primary states satisfying mi + m,2 + = 0. If the three operators are flowed, 
the SU(2) spins violate the triangular inequality and the correlator vanishes, analogously to the 
NS-NS-NS case. When one operator is unflowed, the factor ^""j"^ 2 ;^ reduces to unity and we 
have 



A 3 = A 3 = gj 2 y/B(h{)B(hv)B(hs) . (4.39) 
Normalizing the R operators as (see [12] for details) 



H,H \l 2B(h) n > n 



3 We get the inverse of the result reported in [12] . 
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we get 



( 




H.3,'H.3 Ti.2,Ti.2 Hi,Hi/ 



2g s l (2h 3 + kw 3 - l){2h 2 + kw 2 - 1) 
k 2 [ (2hi + kwi - 1) 



.1/2 



(4.41) 



for w\ = or w 2 = 0, again in agreement with the boundary correlators (|2.34p and (|2.35|) , 

5 Conclusions 

We have evaluated spectral flow conserving three-point functions containing spectral flow images 
of chiral primary states in type IIB superstring theory on AdS3 x S 3 x T 4 and showed that they 
agree with the corresponding correlators in the dual boundary CFT. These results provide 
an additional verification of the AdS3/CFT2 correspondence, widening similar conclusions of 
previous works EJ [TO] to the non-trivial spectral flow sectors of the theory. 

The matching obtained so far reflects the cancellation of the three-point structure constant 
of AdS3 against that of the S 3 factor. The non-trivial fermionic contributions reduce to unity 
in all the non-vanishing amplitudes that we have considered here. A definite confirmation of 
this duality would require extending the bulk-to-boundary dictionary to descendant states. The 
evaluation of three-point functions involving affine descendants and their spectral flow images is 
an interesting subject in its own right. Actually, the spectral flow operation maps primaries into 
descendants both in SU(2) and SL(2, K) and it generates new representations of the universal 
cover of SL(2, M). Understanding these new representations is crucial to solve the AdS3 WZNW 
model and elucidate the physical mechanism determining the truncation of the fusion rules 
imposed by the spectral flow symmetry [28]. In the context of the AdS3/CFT2 correspondence, 
a better comprehension of the structure of the spectral flow sectors would contribute to achieve 
a systematic comprehension of the hypothesis advanced in the literature. 
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discussions. We are specially grateful to A. Pakman and an anonymous referee for carefully 
reading the manuscript, for pointing out a misleading conclusion in the previous version of 
this paper and for many interesting comments. This work was supported in part by grants 
PIP-CONICET/6332 and UBACyT X161. 

A Appendix: Clebsch-Gordan Coefficients 

In this Appendix we compute the Clebsch-Gordan coefficients (CG) expanding the product 
representation (H ® h) of the SL(2,R) algebra. We consider the case H G V~^ w , h 6 T)y where 



V+ : {\H,M) ; H e R, M = H + n, n = 1,2,3 



} 



(A.l) 



is an infinite discrete representation and 



Vf: {\h,m); 



h < m < h , rh G Z} 



(A.2) 
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is a finite representation of the SL(2,R)_2 algebra. We use the following normalization 

j ± |i?,M >= (MtH)\H,M ± 1 > (A.3) 
and similarly for \h,rh>. A state living in the product representation may be expanded as 

\H®h) = \H,h;H,M) = \H,M;h,m)(H,M;h,m\H,h-,H 1 M)6 M ,M+*- ( A - 4 ) 

M,m 

Applying the raising operator H + = jj + and equating the coefficients on both sides of 
(|A.4|) . the following recursion relation is obtained 

(M - H)(M + 1 - m,m\H,M + 1) = (M - rh - H)(M - m,m\H,M) 

(A.5) 

+ (m-l-h)(M-m+l,m - 1\H, M) , 

where the indices H, h have been dropped for short. A similar recursion relation is obtained 
applying the lowering operator H = jj +J2> namely 

(M + H)(M - l-m,m\n,M - 1) = 

(M -m + H){M - m,m\H,M) + (rh + h+ 1)(M - rh - l,rh + 1\H,M) 

The last term in (|A.5P vanishes for rh = —h, i.e. 



(A.6) 



(M + h + l,-h\H,M + l) = ,t k J 1 (M + k -h\H, M) , (A.7) 

Jvi — ri 

and for M. = "H + 1, this reads 

(H + h + 2,-h\H,H + 2) = (H + l + h- H)(M',-h\H,H + l) . (A.8) 
Then, taking successively A4 = H + 2, • • • ,Tt + n, one finds 

(M,-h\H,M) = + - M ~! )! (M^-^IW.W + I). (A.9) 

(A4 — H— l)\(H + h— H)\ 

Defining q(rh, M) = ^ m ^]^^ m+H ^' , (|A.6[) may be recast as 

q(rh + l,M)(M - (fh + l), rh + l\H,M) = q(rh,M){M - m,m\H,M) 

-q(m,M - l)(M - 1 - fh,rh\H,M - 1) 
= A M [q(m,M)(M',m\n,M)} . (A.10) 

Applying this successively for rh — 1, • • • ,rh — n and using A™[/](x) = X^=o( — f /(^ ~~ s )' 
we get 

(M-m,m\H,M) = } A^+' h [q(-h,M)(M' ,-h\H,M)} 



1 rh+h , j-s 

J2(-l) a ) 9(-A,A^-s)(M-s + ft,-A|W,A^-s) 

„_n V / 



q(fh,M) s 
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Substituting q{rh,M) and {M — s + h, —h\7i,M — s) in this equation, we obtain 

ika -lay ka\ (M+H)l V^. ~ h (m + h\ {M -s + h + H)\ 

(M-m,m\n,M} = ^ > ^T"; tttt^ 

(rh + h)\(M-m + H)\ V s J (M-s + n)l 



(m + h)\(M -rn + H)\ s 
{h-H + M-s-iy 



-(H + l + h,-h\H,H + l) . 



{M -s-H- l)\{H + h-H)\ 

Therefore, all the CG coefficients in the expansion (|A.4|) are expressed in terms of just one 
coefficient, which can be set to onelf). As a consistency check, we compute some known cases. 

In the unflowed sector, we need to decompose the product representation with h = 1. In this 
case, there are three possible combinations of 7i, according to the angular momentum selection 
rules, namely TC = H + 1, 7i = H, Ti = H — 1. In the first case, one gets 

(mr+i,M = ^m:^n(M-m,m\H+i,M) 

M,m 
1 



2 (H - M)(l + H - M)$£^ +1 yr + (H + 1- M)(l + H + M)$%=^ 3 
1 



+ ^{H + M)(l + H + M)^_^ + . (A.11) 
For 7i = H, the following field expansion is obtained 

W*)h$I = (M - H)*<g$ +1 it>- -2M^ H =^ 3 + (H + M)^_^ + . (A.12) 
And finally, for TC = H — 1, which satisfies the chirality condition in the unflowed sector, 

(mir-iM = n:M + i^-m:M^+*H:M-iTp + , (A.13) 

in accord with the decomposition given in [2], up to the global phase factor mentioned above. 
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